Abstract Local plasma phenomena in environment of Sun are observed closely by spacecrafts in recent years. We provide a new method to apply general relativity to astro-plasma physics in small local area. The relativistic dispersion relations of Langmuir, electromagnetic and cyclotron waves are obtained. The red shifts of Langmuir and cyclotron frequencies are given analytically. A new equilibrium velocity distribution of particles soaked in local gravitational field is suggested. The gravitational effect of a neutron star is also estimated.
Introduction
The vast majority of baryonic matter in the universe is in plasma state. Solar wind spurted from the sun is a dilute plasma. Lots of plasma phenomena in the environment of sun were observed locally by spacecrafts in recent years. For example, the Japanese spacecraft Suisai made a closest approach to comet Halley at 13:06 UT on March 8th 1986 [1] . During the encounter period with Halley, Suisai passed through a strong plasma region. An overview of the plasma observations in the solar wind-comet interaction region are presented in Refs. [2, 3] . In the cruising phase, the energetic particles detector on board Suisai provided useful information of the solar wind plasma characteristics [4] . Plasma flow vectors are obtained during Suisai's encounter with comet Halley. The flow vectors, and angles are represented in Mukai's paper on Nature [5] . Natural molecules in the environment of Sun are eventually ionized by solar extreme-ultraviolet photons, charge exchange with solar-wind protons and collisional ionization by energetic electrons. New born ions picked up by the solar wind via wave-particle interactions are an important research area in solar physics recently.
Pickup ions begin to rotate around the solar-wind magnetic field and form a shell in velocity space. Since such a shell is unstable to various instability processes, these ions are subjected to pitch-angle scattering and energy diffusion, the details of which critically depend on the microscopic process involved [6, 7] . A review paper about theory and numerical simulation on ion pickup by the solar wind via wave-particle interactions is given by Yoon and Wu [8] . Kinetic instabilities associated with velocity distribution of newborn pickup ions and electromagnetic instabilities in solar wind and cometary wind are given in Refs. [9, 10] . MHD turbulence phenomena had been studied in the solar-wind comet region by Sagdeev et al [11, 12] . Owing to instability, Alfvén waves might be ubiquitously generated in the environment of sun. In the corona, the creation of hot temperature region may be related of Alfvén waves [13] . An unsophisticated theory was proposed to show that low β (β is the ratio of thermal pressure to magnetic pressure) protons can be efficiently heated by enhanced Alfvén waves. The efficient heating was attributed to nonresonant wave particle scattering that tends to randomize proton motion in directions transverse to the ambient magnetic field [14] . The heating mechanism was also studied by non-linear dynamics [15, 16] . Briefly, the resonance interaction of ion with Alfvén waves is governed by the condition ω ± Ω i − kV 11 = 0 where ω and k are the frequency and wave vector of Alfvén wave, V 11 is the ion velocity along the magnetic field; where ω = kV A is the Alfvén wave dispersion relation. The Alfvén speed V A is determined by
where c is the speed of light in vacuum. ω pi , and Ω i represent Langnuir and cyclotron frequencies of ion respectively. The recent references of plasma kinetic theory in general relativity frame may be found in Refs. [17] [18] [19] [20] .
Various theoretical researches on plasma particlewave interactions, resonance or non-resonance, linear or non-linear, have just introduced. We have not found that they contain the gravitation effect of the sun.
In this paper, we provide a new method to obtain the red shift due to the effect of gravitational force of sun on ω pe , and ω pi , as well as Ω e and Ω i , here ω pe , and Ω e are Langnuir and cyclotron frequencies of electron respectively, ω pi , and Ω i are mentioned above. Besides, a new equilibrium velocity distribution of particle soaked in gravitational field is suggested. Finally, the gravitational effect of a neutron star is also estimated.
Basic equations
Let the contravariant configuration vector of a particle in Riemann space is
, here t is time, c is the speed of light, µ = 0, 1, 2, 3, x 0 = ct. The invariant interval of Riemann space ds is determined by
where τ is the proper time, g µν is the elements of a covariant metric tensor, which is symmetric. One particle Liouville equation is given by
where
m is the static mass of a particle, and
The equation ofD is then
D (x µ , p µ ) is the distribution of particle in (x µ , p µ ) space. The distribution of particle used in plasma kinetic theory is given by
where i = 1, 2, 3. Then, the equation of D, i.e. the Vlasov equation is given by
In addition to the Vlasov equation, the first Maxwell equation in general relativity is
ρ is the electric charge density and
3 ) are the electric field and magnetic field respectively, and g = detg ij .
The Lorentz force is given by
The second Maxwell equation is
The Einstein field equation is
The left side of Eq. (15) is the Einstein tensor G µν , R µν is the Ricci tensor, R is the scalar curvature and G is the Universal gravitation constant. T µν is the energymomentum tensor.
Schwarzschild metric
The fundamental metric used in this paper is the Schwarzschild metric which is a solution of Einstein field Eq. (15). In the spherical coordinate ( G is the Universal gravitational constant. The diameter of sun is 1.39 × 10 9 m. We may divide the environment around sun into a series of spherical shells
As described in introduction, the plasma phenomena are measured in a very small local region, we suppose that it is discussed only in a region of
In the Fig. 1 , we set the center of the sun at point O, the origin of our new Cartesian coordinates is at A, then
where 
Vlasov equation
We suppose that the plasma phenomena occurred and are observed in the small local shaded volume as shown in Fig. 1 . Cartesian coordinates are taken. The z axis is along the r direction, the x and y axes are perpendicular to the r direction, and the origin is at point A. The traditional distribution used in plasma kinetic theory is usually expressed as f (t, x, u), where x = (x, y, z) and u = (u x , u y , u z ) = (dx/dt, dy/dt, dz/dt). We will change the Vlasov Eq. (7) into a form of equation satisfied by f (t, x, u).
Using Eq. (18) and ds = cdτ , we have
Set
From Eq. (3), take µ = 1, 2, 3, we get
Eq. (7) can be rewritten as
Now we start to change the form of Vlasov equation. The first step is to change Eq. (24) into an equation satisfied byf (t, x, u) = D(t, x, p). Owing to
where ∇ u = (∂/∂u x , ∂/∂u y , ∂/∂u z ), and
We notice that the relation of D(t, x, p) and f (t, x, u) is determined by
In the second step, we set
Using Eqs. (11), (12), (10) and (18), we obtain
Multiplying Eq. (27) with m 3 /ᾱ 5 ( √ g 00 ) 3 , we obtain
and Eq. (30), we finally get the Vlasov equation of f (t, x, u) as
Let's study the gravitational effects for several waves based on this equation.
Langmuir wave
Langmuir wave is longitudinal. The oscillations of electric field and electrons are induced by Coulomb forces between electrons. Notice that Langmuir wave is a longitudinal wave. Its phase velocity is not speed of light. It was studied first by Langmuir, but two complete descriptions were given later by Landau [21] and Van Kampen [22] . Here we solve the Vlasov equation in general relativity by a method similar to that of Landau. Using the Schwarzschild tensor, the Lorentz force is
where (−e) is the electric charge of an electron. In our case of a longitudinal plasma wave, we have B = 0. Then, only the electromagnetic field equation
is needed. The Langmuir waves are linear and now only small amplitude oscillations are considered. So we can set
with
h(t, x, u) << F( u), where F( u) is the equilibrium velocity distribution of electrons and h(t, x, u) is the disturbance to the distribution. The linear Vlasov equation satisfied by h(t, x, u) is
Substituting L = −e Eg 00 into Eq. (39) and using
and
we get
We can expand h and E into Fourier series:
Let the Langmuir plasma waves travel along the z direction, so ∂/∂z = ik, and assume for simplicity that the plasma is uniform in space then Eq. (42) becomes
and Eq. (37) becomes
Now let h s and E s be the Laplace transforms of h k and E k , respectively and set the initial conditions at t = 0 to be h k = g( u), E k = 0. We obtain
Eq. (45) becomes
Substituting Eq. (47) into Eq. (48), we obtain:
The inverse Laplace transform formula is
where Re(S) means the real part of a complex variable S. Using the theorem of residues, we get
here Res is the symbol of residue, s j is the singular point of the function E sz e st . Then we get 
We set s j = −iω − γ, with ω the real oscillation frequency and γ the damping coefficient of the wave. Setting the denominator of the right side of formula (49) equal to zero, we get 1 = ie 2 √ g 00 g 00
The singular point s j is determined by this equation. Eq. (53) is the complex dispersion relation of Langmuir wave propagating through a gravitational field. In order to compare this result with Landau's original result, and because our main purpose is to consider the gravitational effect on Landau's original wave, we don't consider the relativistic effect of high temperature, so we should consider the case where the plasma temperature is low. In that case we can omit the terms of O(c −2 ) in the complex dispersion relation (53). Then we obtain ie 2 √ g 00 g 00
here
, and n is the electron density. Using
Eq. (54) becomes
In the following we consider the case of harmonic waves with long wavelengths, i.e., k ≈ 0. In this situation, the phase velocity ω/k of the wave is very large, the number of electrons with high velocity is rather small, and so the correlation effect between electrons and wave is very weak; hence the damping coefficent γ ≈ 0. From s + iku z = −iω − γ + iku z ≈ −iω + iku z , we get the singular point of Eq. (56) to be at u z = ω/k. From the theory of complex functions, when γ ≈ 0,
where P is the symbol for principal value and here Res is the symbol for residue. We have
Using the above formulae, Eq. (56) is reduced to i ne
From Eq. (61), we then get
In the usual notation the electron plasma frequency (i.e. electron Langmuir frequency) is ω 2 pe ≡ ne 2 /m. We have
i.e.
We notice that (g 00 ) 3/4 is the multiplicative factor by which the gravitational field affects the frequency of a Langmuir wave. As |g 00 | < 1, it is a red shift effect on Langmuir wave. Essentially it is a red shift effect by gravitation force.
Our result is got from an observer at an arbitrary large distance from the center of the Sun but near the plasma. Then as a result, observations of all time scales of the plasma are affected by the same gravitational red-shift. The damping rate to be affected by the same time dilation that affects the plasma oscillation. As shown by Eqs. (62)-(66), γ depends on ω, when ω = ω pe changes to ω = ω pe (g 00 ) 3/4 , γ(ω pe ) changes to γ(ω pe (g 00 ) 3/4 ). Finally, the differences of g 00 from 1 are only about 10 −6 near the Sun's surface but ∼ 10 −1 near a neutron star surface and a typical plasma wave frequency range is about 1-40 GHz,. Therefore we estimate the red shift near the surface of Sun to be only a few tenth of MHz; however, close to a neutron star these shifts could exceed 100 MHz and therefore be quite significant.
Equilibrium distribution function of particle
Using Eqs. (3) and (23), we have
If a relativistic particle is soaked in a gravitation field with Schwarzschild metric, its energy will be
The famous Einstein mass-energy formula
is a special case of Eq. (68) when g 00 = g 11 = g 22 = g 33 = 1 which obviously is special relativity case. Eq. (30)
in special relativity, becomes
and Eqs. (20) and (21) are reduced to
z . Using Eqs. (69) and (70), we can get an equilibrium velocity distribution of particle,
where n is the density of particle, K B is Boltzmann constant, T is the kinetic temperature, and A is the normalization constant; Eq. (73) is just the famous Jüttner distribution. In a gravitational field with Schwarzschild metric in small local region, the distribution function is
where A is a normalization constant. It will be used in the following sections.
Electromagnetic waves
Using Eqs. (8)- (14) and Lorentz force Eq. (36) we can have the Einstein-Maxwell equations of electricmagnetic field, they are 
we obtain from Eq. (39)
We expand h, E and B into Fourier series
Let electromagnetic waves travel along the z direction so ∂ ∂z = ik and assuming that the plasma is uniform in space, the Eq. (78) becomes
Eqs. (75) and (76) become
Let h s , E s and B s be the Laplace transforms of h k , E k and B k , respectively and set the initial condition at t = 0 to be h k = g( u), E k = 0 and B k = 0. We obtain
Eq. (85) is applied to discuss Langmuir wave (see section 5 of this paper). Eq. (83) is applied to discuss an electromagnetic wave with (E sx , B sy ) and Eq. (84) is also applied to discuss another electromagnetic wave with (E sy , B sx ). The properties of these two waves are similar, so we only need to take Eq. (83) for the following discussion. Vlasov Eq. (78) transforms into
We obtain from Eq. (86)
Substituting Eq. (87) into Eq. (83), we get
Making similar discussion as in section 5, we get the complex dispersion relation of a relativistic electromagnetic wave
Since our main purpose is to consider the gravitational effect on electromagnetic wave in original plasma physics, we don't consider the relativistic effect of high temperature in this paper, so we should consider the case where the plasma temperature is low. We can omit the terms of O(c −2 ) in the complex dispersion relation Eq. (89). We then obtain from Eqs. (89) and (74)
Integrating Eq. (90) on u x and u y , we obtain
Magnetized plasma
Let B o be a constant applied magnetic field, E and B are small perturbed electric and magnetic fields respectively, q is the electric charge of particle. The Lorentz force is
where ū = (u x g 11 , u y g 22 , u z g 33 ) (see Eq. (32)). Using
Vlasov Eq. (35) can be written as
We consider linear wave in magnetized plasma. Substituting Eq. (38) into Eq. (96), use
where F is the equilibrium distributions in Eq. (74). From Eq. (96), we obtain the linear Vlasov equation
We expand h, E and B into Fourier series as Eq. (79), Eq. (98) transforms into
Let the applied magnetic field B 0 and perturbed waves travel along the z direction, and assume for simplicity that the plasma is uniform in space. Subsequently, let h s , E s and B s be the Laplace transforms of h k , E k and B k respectively and set the initial conditions at t = 0 to be h k = g( u), E k = 0 and B k = 0. For waves traveling along the z direction, we have
In our case of Schwarzschild metric g 11 = g 22 = 1, see Eq. (19), circular cyclotron waves can travel along the direction of applied magnetic field B o (direction z). We are to analyse cylotron waves in the following section.
Circular cyclotron waves
Here we introduce a cylindrical coordinates (u ρ , ϕ, u z ) in velocity space, u x = u ρ cosϕ, u y = u ρ sinϕ, u z = u z , we have
Let
then Eq. (101) can be transformed into
where Ω = qBo mc . The solution of Eq. (108) is
where a is an arbitrary constant,
We then obtain D 31 ≡ 0, and D 32 ≡ 0. Therefore the complex dispersion relation (134) degenerates into two independent groups. One is
another is
The wave with E sz = 0 is corresponding to D 33 = 0. It is just the longitudinal wave discussed in section 5 of this paper. Owing to D 12 ≡ 0, D 21 ≡ 0, The complex dispersion relation (139) degenerates into two independent groups:
√ g 00 g 00 S f o (u z ) S + iku z du z = 0. (148) It coincides with Eq. (92), the dispersion relation of electromagnetive wave. It is a reasonable result.
Conclusion
Plasma kinetic theory plays a significant role in various areas of astrophysics. However, very little effort seems to have been made to consider the effect of strong gravitational fields on plasma kinetics. The fundamental reason is that the analyses in general relativity are so complicated that it is difficult to give clear results.
In this paper we employ the restriction that we are interested in small region over which the gravitation field does not vary obviously. Our content is based on real observation by spacecrafts in the environment of sun. Our laboratory area is far from the center of Sun. The dimensions of area where plasma phenomena occur are very small compared to the distance from the center of Sun. The observers are near the plasma area.
In a sufficiently small region far from the center of Sun, we can take the z axis to coincide with the r axis. In a limited r and θ region we can take Cartesian coordinates. As plasma phenomena only occur in a limited region, compared to gravity change, the variation of r is very small, we omit the change of r and θ in Schwarschild metric as the first appoximation. We also assume that the observer is near the plasma.
We first derive an useful form of Vlasov equation. Based on this equation, we can generalize the original plasma kinetic theory to general relativity frame and get clear physical results. In our content, basic Langmuir wave, electromagnetic and cyclotron waves are studied. The new dispersion relations are obtained.
We also suppose a new equilibrium distribution of particle in general relativity frame. Under the effect of gravitaion field, Lanmuir frequency ω pe changes to ω pe g 3/4 00 , cylotron frequency changes to Ωg 1/2 00 . As Alfvén speed is equal to cΩ/ω pe , the gravitation effect on Alfvén speed is also obtained.
